We obtain general formulae expressing Hirzebruch genera of a manifold with Z/p-action in terms of invariants of this action (the sets of weights of fixed points). As an illustration, we consider numerous particular cases of well-known genera, in particular, the elliptic genus. We also describe the connection with the so-called Conner-Floyd equations for the weights of fixed points.
Introduction
In this paper we obtain general formulae expressing Hirzebruch genera of a manifold acted on by Z/p with finitely many fixed points or fixed submanifolds with trivial normal bundle via invariants of this action. We also describe the connection with the so-called Conner-Floyd equations for the weights of fixed points.
Actions of Z/p were studied in [12] , [13] , [11] , [8] , where the so-called Conner-Floyd equations were deduced within cobordism theory (see formulae (31), (32)). These equations form necessary and sufficient conditions for a sets of elements of Z/p to be the set of weights of some Z/p-action (see § 3 for the definition). Two approaches for the calculation of Hirzebruch genera of a stably complex manifold with a Z/p-action were proposed in [5] .
The first approach is based on the application of the Atiyah-Bott-Lefschetz fixed point formula [1] , and so for its realization it is necessary to have an elliptic complex of bundles that are associated to the tangent bundle of the manifold. The Atiyah-Bott-Lefschetz formula obtained in [1] generalizes the classical Lefschetz formula for the number of fixed points and enables us to calculate the equivariant index of an elliptic complex of bundles over a manifold by means of certain contribution functions of the fixed submanifolds (see the details below). In particular, if an operator acts on a manifold with finitely many fixed points, the corresponding equivariant index can be expressed in terms of the fixed point weights. It was shown in [5] how to express the Todd genus, which is the index of an elliptic complex (namely, the Dolbeault complex) over a manifold with Z/p-action, via the equivariant index of the same complex for the action of the generator of Z/p. This equivariant index enters into the Atiyah-Bott-Lefschetz formula. In this way one deduces the formulae expressing the Todd genus in terms of the weights of 1991 Mathematics Subject Classification. 57R20, 57S25 (Primary) 58G10 (Secondary). Partially supported by the Russian Foundation for Fundamental Research, grant no. 96-01-01414.
fixed points for this Z/p-action. The formulae obtained by this method contain the number-theoretical trace of a certain algebraic extension of fields of degree (p − 1). In this paper, we use the same approach to obtain the formulae for other genera of manifolds with Z/p-action: the signature (or the L-genus), the Euler number, theÂ-genus, the general χ y -genus, and the elliptic genus. By this method we also obtain some general equations (see. § 5) for an arbitrary Hirzebruch genus having the property to be the index of a certain elliptic complex of bundles associated to the tangent bundle of a manifold with Z/p-action.
In this paper we use the generalized Lefschetz formula in the somewhat different formulation, stated in [3] . This formula and especially the "recipe" it suggests for calculating the equivariant index of a complex via contribution functions of fixed points (see. § 5) are more convenient for applications than the formula from [1] used in [5] . The generalized Lefschetz formula was deduced in [3] from the cohomological form of the Atiyah-Singer index theorem, which was also proved there. We apply both formulae: some of the results (see § 4) we obtain are based on the "old" Lefschetz formula of [1] , while others use the "recipe" in § 5 based on the formula from [3] .
Another approach to the equations for Hirzebruch genera, also proposed in [5] , is based on an application of cobordism theory in the same way as in the derivation of the Conner-Floyd equations in [12] , [13] . In [5] , the authors give a formula expressing the mod p cobordism class of a stably complex manifold with a Z/paction in terms of invariants of the action. Then they show that the difference between the two formulae for the Todd genus (obtained by the first and second methods) is exactly the sum of the Conner-Floyd equations for the Todd genus. In this paper we show (see Theorem 7.1) that the difference between the two seemingly different formulae deduced by these two methods for an arbitrary genus is a weighted sum (with integer coefficients) of the Conner-Floyd equations for this genus.
A case of particular interest is that of the so-called elliptic genus. In Witten's papers, a certain invariant was assigned to each oriented 2n-dimensional manifold M 2n . This invariant is the equivariant index of the Dirac-like operator for the canonical action of circle S 1 on manifold's loop space. S. Ochanine [14] showed that this index is a Hirzebruch genus corresponding to the elliptic sine; which led to the term "elliptic genus". In [2] , [9] and other papers, the rigidity theorem for the elliptic genus of manifolds with S 1 -action was proved. This theorem states that if we regard the equivariant elliptic genus ϕ S 1 (M ) of such a manifold as a character of the group S 1 , then ϕ S 1 (M ) is the trivial character and is equal to the elliptic genus ϕ(M ). At the same time, the elliptic genus takes its values in the ring Z 1 2 [δ, ε], and its value on any manifold M 2n is a modular form of weight n on the subgroup Γ 0 (2) ⊂ SL 2 (Z) (cf. [7] ). In this paper we obtain formulae for the elliptic genus of a manifold with a Z/p-action having finitely many fixed points. A summary of results of this part of the paper has already been published in [15] . As an application we deduce certain relations between the Legendre polynomials by applying our formulae to a special action of Z/p on CP n (see § 8).
In the remaining part of this article (see § 9) we generalize our constructions to the case of Z/p-actions with fixed submanifolds whose normal bundles are trivial. § 1. Necessary information about Hirzebruch genera that is, there is k such that T M ⊕2k is a complex bundle. We write the total Chern class of the tangent bundle T M as
This means that the total Chern class of M is written as the product of the Chern classes of "virtual" line bundles whose sum gives T M . Therefore, c i (M ) is the ith elementary symmetric function in x 1 , . . . , x n .
To each series of the form Q(x) = 1 + · · · with coefficients in a certain ring Λ there corresponds the Hirzebruch genus [6] ). Along with Q(x), we introduce f (x) = x/Q(x) and g(u) = f −1 (u). Each Hirzebruch genus ϕ gives rise to a formal group law F ϕ (u, v) = g −1 ϕ g ϕ (u) + g ϕ (v) with logarithm g ϕ (u) (see [5] ). The corresponding power system [u] ϕ n = g −1 ϕ ng ϕ (u) (the nth power in the formal group law F ϕ ).
Hirzebruch genera for real orientable manifolds M 4n are defined similarly. Here we replace the Chern classes c i by the Pontryagin classes p i , and x i by x 2 i , that is,
Hence we now have Q(x 2 ) instead of Q(x).
The formulae obtained in this paper refer mainly to the following Hirzebruch genera. 1. The universal genus ϕ corresponds to the identity homomorphism id : Ω U ⊗ Q → Ω U ⊗ Q. The corresponding formal group law of "geometric cobordisms" F (u, v) (see [12] ) is universal, that is, for any formal group law F (x, y) over a ring Λ there is unique ring homomorphism λ : Ω U → Λ such that F (x, y) = λ F (u, v) (see [5] ). The logarithm of F (u, v) is
Therefore, for any Hirzebruch genus ϕ we have
2. The Todd genus td(M ) corresponds to the following series:
These formulae could also be deduced from the fact that td(CP n ) = 1. Indeed, using the identity (1), we obtain
The corresponding power system is
Thus, for the Todd genus
3. The Euler number e(M ) (of the tangent bundle). Since e(CP n ) = n + 1, we deduce (see [13] ) that
So Q(x) = 1 + x and, as might be expected,
Thus, for the Euler number,
The signature (the L-genus) corresponds to the following series:
This is in accordance with Hirzebruch's theorem (the L-genus equals the signature, see [6] ), from which we deduce that L(CP 2n ) = 1, L(CP 2n+1 ) = 0. The corresponding power system is
Thus, for the L-genus,
5. There is a one-parametric genus which generalizes three previous examples, namely, the χ y -genus. This is the Hirzebruch genus that corresponds to the following series:
Neglecting the normalizing condition f χ y (w) = w +· · · and replacing w(1+y) by w, we obtainf
The expression for the power system associated to the χ y -genus is the same in both cases:
For y = 0, −1, 1 we get respectively the Todd genus, the Euler number and the Lgenus.
6. TheÂ-genus corresponds to the following series:
Thus, for theÂ-genus,
Calculation of Hirzebruch genera by means of the Atiyah-Singer index theorem
We deal with the following elliptic complexes: the de Rham complex Λ * ,
and the Dolbeault complex Λ p, * ,
is the bundle of differential forms of type (p, i).
(If the manifold M is endowed with an Hermitian metric, then T * M ≃ T M .) Theorem 2.1. Let M be a compact, oriented, differentiable manifold of dimension 2n and let E = {d i : ΓE i → ΓE i+1 } be an elliptic complex (i = 0, . . . , m − 1) associated to the tangent bundle (that is, all bundles E i are associated to T M ).
Then the index of this complex is determined by the following formula:
Remark. Formally factoring the Euler class e(T M ) = x 1 . . . x n out of td(T M ⊗C) = n j=1
in the previous expression, we get the following formula:
Let us consider the elliptic complex X y i = n p=0 y p Λ p,i . (We note that this object becomes a true elliptic complex only after replacing y by actual integers. But its index is obviously defined for arbitrary y as a polynomial in y. In what follows we regard such objects as elliptic complexes.) Using the Atiyah-Singer index theorem, we easily prove the following fact, which was initially proved by Hirzebruch (see [6] ). 
Proof. Using formula (3), we have:
Here we have used the following fact (see, for example, [7] ).
Lemma 2.3. Let E be a complex n-dimensional bundle over a differentiable manifold X, and let c(E) = 1 + c 1 (E) + · · · + c n (E) = (1 + x 1 ) . . . . . . (1 + x n ) be the formal factorization of the total Chern class. We define
Then
In particular, if we consider the complexes {Λ 0,i }, Proof. We again use formulae (3) and (4):
Thus we have constructed elliptic complexes associated to the tangent bundle of M that enable us to calculate all the Hirzebruch genera in § 1. § 3. The problem of calculating Hirzebruch genera for manifolds with Z/p-action in terms of invariants of the action Let g be a transversal endomorphism (that is, g has only finitely many fixed action of Z/p is given.) Let P 1 , . . . , P q be the fixed points, and the Jacobi matrix J P j (g) of the map g at the point P j (j = 1, . . . , q) has eigenvalues
Suppose also that there is given an elliptic complex E on the manifold M . Let us give the following definition, which is taken from [1] . Definition 3.1. A lifting of g to the components of the elliptic complex E is a set of linear differential operators ϕ i : Γ(g * E i ) → Γ(E i ). Here g * E i is the pullback of the bundle E i under the map g, and Γ(E i ) denotes the linear space of sections of the bundle E i .
is the natural map from the sections of the bundle E i into the sections of the pullback g * E i . Under these assumptions we have the following general Atiyah-Bott-Lefschetz theorem (see [1] ).
where σ(P j ) ∈ C depends only on local properties of T and ϕ i at the point P j . In particular, if the operator ϕ i induces an endomorphism ϕ i (P j ) :
is the holomorphic part of the Jacobi matrix J P j (g). Let us find σ(P j ) for the Dolbeault complex Λ p, * . Since det 1 − J P j (g) = det 1 − J ′ P j (g) det 1 −J ′ P j (g) , we deduce from (6) that
Here we have used the following well-known identity from linear algebra:
for any linear operator A. Thus,
Theorem 3.2 and formula (8) enable us to find the fixed point contribution functions σ(P j ) for the complexes Λ 0, * , E, L, X y . These complexes calculate respectively the Todd genus, the Euler number, the L-genus and the χ y -genus of the manifold M . 
and the fixed point contribution functions are as follows (see (8)):
Here we have used formula (7) . From this and theorem 3.2 we deduce that
Since 1 p l∈Z/p ind(g l , E) = s is the alternating sum of dimensions of the invariant subspaces for the action of g on the cohomology of the complex E, and since ind(1, E) = ind(E) = e(M ), we have
Therefore, we obtain the following formula for the Euler number:
4.2. Calculations for the Todd genus. The calculation of the Todd genus of a stably complex manifold in terms of the Z/p-action was carried out by Buchstaber Definition 4.1. The Atiyah-Bott function AB td (x 1 , . . . , x n ) of a given fixed point is the following function of the set of weights x 1 , . . . , x n , x i ∈ Z/p:
where Tr : Q(ζ) → Q is the number-theoretical trace, ζ := e 2πi/p .
It was shown in [5] that
The number-theoretical trace in the definition of Atiyah-Bott functions for the Todd genus was also calculated in [5] :
Here [u] td q is the qth power in the formal group law corresponding to the Todd genus (see formula (2 T )), and h(u) k is the coefficient of u k in the power series h(u).
4.3.
Calculations for the L-genus. Now let us consider the elliptic complex L = n p=0 Λ p, * . Its index is the L-genus: ind(L) = L(M ). In this case, the lifting of g to the components of the complex L has the following form:
and the fixed point contribution functions are (see formula (8))
Here we have again used formula (7) . Hnece it follows from theorem 3.2 that the equivariant index is
As before, 1 p l∈Z/p ind(g l , L) = s is the alternating sum of the dimensions of the invariant subspaces for the action of g on the cohomology of the complex L, and we have ind(1, L) = ind(L) = L(M ). Hence
Again, we consider the number-theoretical trace Tr : Q(ζ) → Q and introduce the Atiyah-Bott functions AB L (x 1 , . . . , x n ) as
Then we have
Relations (15) and (16) are analogous to relations (11), (12) for the Todd genus. It remains to calculate the number-theoretical trace in the definition of the Atiyah-Bott functions AB L (x 1 , . . . , x n ). We set θ = 1−ζ 1+ζ . Then ζ = e 2πi/p = 1−θ 1+θ . We must calculate Tr Proof.
Therefore,
and because p−1 m=0 (ζ m ) r ≃ 0 for any r. The lemma is proved. We further deduce that
where the A k ∈ Z p are p-adic integers (since 1/x k ∈ Z p ). Therefore, we can write
Set Tr θ −s = B s and introduce two formal power series
. Therefore, we must calculate the coefficient of u n in the series A(u)B(u). We have
Observe that if ϕ α (u) is the minimal polynomial for an element α with respect to the extension Q p (ζ) | Q p , then Tr 1
We deduce that
This formula is analogous to the first formula in (13) . Further,
From this we obtain
, and the series arctanh u (as well as tanh u) contains only odd powers of u. Therefore, the series pu
contains only even powers of u. Thus we can finally write the formulae for the Atiyah-Bott functions for the L-genus which are analogous to formulae (13) for the Todd genus:
By (16), we see that
Remark. Relations similar to (12), (16) could also be obtained for the Euler number. In this case, the Atiyah-Bott functions are
This relation is analogous to relations (12) and (16) for the Todd genus and the L-§ 5. General results on the calculation of Hirzebruch genera via invariants of the Z/p-action
Here we consider another approach to calculating the equivariant index ind(g, E) = m i=0 (−1) i tr(g, H i ) of an elliptic complex E. This approach is taken from [3] (see also [7] ).
In what follows we adopt somewhat weaker assumptions about the action of an operator g, g p = 1, on a stably complex manifold M 2n . Namely, we remove the transversality condition. Let M g = x ∈ M | gx = x be the fixed point set, and let M g = ∪M g ν be its decomposition into connected components. Then the equivariant index can be computed as the sum of the contributions σ(M g ν ) corresponding to the fixed point components M g ν (see [7] ). These contributions are calculated as follows. Let Y = M g ν be one of the fixed point components of M 2n . For each point p ∈ Y , g acts linearly on the tangent space T p M . This tangent space decomposes into the direct sum of the eigenspaces N p,λ for eigenvalues λ, |λ| = 1. In this way we obtain the eigenbundle N λ over Y . The N 1 is just the tangent bundle T Y to Y . With d λ = rk N λ , we therefore have:
that is,
The recipe for calculating σ(Y ) is as follows. Consider the index formula (3) in Theorem 2.1:
and replace M by Y and e x i by λ −1 e x i (where x i belongs to the eigenvalue λ).
Apply the same process to the terms ch(E i ). This can obviously be done if the E i are associated to the tangent bundle of M . This "recipe" is taken from [7] .
In the case of finite number of fixed points we have Y = pt, c n (Y ) = 1, and so we must replace x 1 x 2 . . . x n by 1, and e x λ j by λ −1 j . Therefore, introducing the "weight" x i by the formula λ j = exp 2πix j p , we just have to replace x λ j by − 2πi p x j . (Here in the first case x λ j stands for the first Chern class of "virtual" line subbundle in T M corresponding to the eigenvalue λ j , while in the second case x j is the "weight" of the fixed point and is defined only modulo p.) Example 5.1. Let us consider the χ y -genus of a manifold M . Applying our recipe to the formula from Theorem 2.2, we obtain the following formula for the contribution of each fixed point P:
Putting y = −1, 0, 1, we obtain the formulae for the contribution function for the Euler number, the Todd genus and the L-genus:
These formulae coincide with (9), (14) and the formula in [5] , which were deduced from the Atiyah-Bott theorem 3.2.
Now consider the general case of an arbitrary Hirzebruch genus ϕ:
is the logarithm of the corresponding formal group law. Suppose that there is an elliptic complex E ϕ associated to T M whose index equals ϕ(M ). Applying the above recipe, we see that the contribution functions of the fixed points for the action of g on M are given by the formula
Here the x k are the "weights" of the fixed point P. Thus, we obtain the following result.
Theorem 5.1. Suppose that there is an elliptic complex of bundles associated to T M whose index is equal to the Hirzebruch genus ϕ(M ) of the manifold M . Let g be a holomorphic transversal endomorphism acting on M such that g p = 1. Then we have the following formula for ϕ(M ):
Definition 5.2. The Atiyah-Bott fixed point function AB ϕ (x 1 , . . . , x n ) corresponding to the genus ϕ is defined to be the following function of the set of weights x 1 , . . . , x n , x i ∈ Z/p:
Then we immediately get
Now we set θ = f ϕ (−2πi/p). Then −2πi/p = g ϕ (θ), and
Hence the following statement holds: Proposition 5.3. The Atiyah-Bott fixed point function AB ϕ (x 1 , . . . , x n ) corresponding to the genus ϕ can be computed as
Lemma 5.4. For any k > 0 we have Tr θ k ≃ 0 (that is, Tr θ k ∈ pZ p ).
In particular, C 0 + C 1 + · · · + C p−1 = 0. Therefore,
m=0 ζ rm ≃ 0 for any r. The lemma is proved.
Example 5.2. For the Todd genus, θ = f td − 2πi p = 1 − e 2πi/p = 1 − ζ (see formula (2 td )). Hence, C 0 = 1, C 1 = −1, C i = 0 for i > 1.
Example 5.3. For the L-genus, θ =f L − 2πi p = 1−e 2πi/p 1+e 2πi/p = 1−ζ 1+ζ = ζ p−1 − ζ p−2 + ζ p−3 − · · · − ζ (see Lemma 4.2) . Hence, C 0 = 0, C 2i+1 = −1, C 2i = 1 for i > 1. § 6. Calculations for theÂ-genus and the χ y -genus 6.1. Calculations for theÂ-genus. We consider theÂ-genuŝ
for a stably complex manifold M such that c 1 (M ) ≡ 0 mod 2. In Theorem 2.4, we gave an elliptic complex whose index isÂ(M ). The Atiyah-Bott functions for thê A-genus are as follows (see Definition 5.2): and ϕ θ (u) is a polynomial of degree p − 1 with leading term u p−1 . For instance, for p = 3 we get ϕ θ (u) = u 2 + 3, for p = 5 we get ϕ θ (u) = u 4 + 5u 2 + 5, and so on.
Further, we have 
Here [u] A m = 2 sinh m arcsinh(u/2) , and we have used the formula 2 cosh x sinh y = functions ABÂ(x 1 , . . . , x n ) = − Tr n k=1 ζ x k /2 1−ζ x k for theÂ-genus: 
of a manifold M . An elliptic complex whose index is χ y (M ) is given by Theorem 2.2. 
These formulae could be also deduced from the Atiyah-Bott theorem 3.2 as was done for the L-genus in § 4.3.
We shall now calculate the number-theoretical trace in the definition of the Atiyah-Bott functions AB χ y (x 1 , . . . , x n ). By Proposition 5.
is the mth power in the formal group law corresponding to the χ y -genus (see formula (2 χ y )) and θ =f χ y − 2πi p = 1 − e 2πi/p 1 + ye 2πi/p = 1 − ζ 1 + yζ .
In what follows we assume that y ∈ Z p and y = −1 mod p. The case y = −1 mod p corresponds to the Euler number which has already been considered above. Note that for y = 0, 1 we get θ = 1 − ζ and θ = 1−ζ 1+ζ respectively. This coincides with the corresponding values for the Todd genus and the L-genus It is easy to see that the minimal polynomial for the element θ = 1−ζ 1+yζ is
Hence ϕ θ (θ) = 0, and ϕ θ (u) is a polynomial of degree p − 1 with leading term u p−1 .
Further, we have Remark. The presentation of θ as θ = C 0 + C 1 ζ + · · · + C p−1 ζ p−1 , C i ∈ Z p , which is used in the proof of Lemma 5.4, is obtained as follows. Since 1 + y p = 1 + (yζ) p = (1 + yζ) (yζ) p−1 − (yζ) p−2 + (yζ) p−3 − · · · − yζ + 1 ,
Since y p + 1 ≡ y + 1 = 0 mod p, we obtain C i = (−1) i y i +y i−1 1+y p ∈ Z p (i > 0),
So, the number-theoretical trace we are interested in is u) . Hence, the following formulae hold:
We finally obtain the following formulae for the Atiyah-Bott functions AB χ y (x 1 , . . . . . . , x n ) = − Tr n k=1
of the χ y -genus (y = −1 mod p):
Here [u] χ y m = (1+yu) m −(1−u) m (1+yu) m +y(1−u) m is the mth power in the formal group law corresponding to the χ y -genus. The χ y -genus itself is the calculated as follows:
Formulae (13), (17) for the Todd genus and the L-genus are obtained from this formula by substituting y = 0 and y = 1 respectively. § 7. The Conner-Floyd equations and the calculation of Hirzebruch genera in terms of invariants of the action
Here we consider the connection of the results in § 5 with the so-called Conner-Floyd equations, which were introduced by Novikov in [12] , [13] . (Similar relations were also obtained in [8] , [11] .) Namely, it was shown there that the sets x 
Here [u] m is the mth power in the universal formal group law of geometric cobordisms (cf. [4] , [12] ). Applying a Hirzebruch genus ϕ : Ω U → Λ, we obtain the Conner-Floyd equations corresponding to ϕ:
where [u] ϕ m is the mth power in the formal group law corresponding to the genus ϕ. The following formula for the Todd genus was deduced from cobordism theory in [5] :
(33) Furthermore, it was shown there that formula (33) is exactly the difference between the formula td(M ) ≃ − 
and the sum of the Conner-Floyd equations (32) for the genus ϕ with some p-adic integer coefficients gives the following formula for the genus ϕ: 
Then h(u) is a series with p-adic integer coefficients beginning with 1. Indeed,
since B(0) = B 0 = Tr θ 0 = p − 1, [u] ϕ p = pu + · · · . It follows from (34) that
Hence,
where the H i are the coefficients of the series 1 h(u) . Thus,
This proves the theorem. 
which is in accordance with the calculations from § 4.2, 4.3. Let M 2n be a 2n-dimensional real orientable manifold with a complex structure in its stable tangent bundle. Definition 8.1 (see [7] ). A Hirzebruch genus ϕ(M 2n ) =
] is called the elliptic genus if f satisfies one of the following equivalent conditions:
Let us consider the lattice L = 2πi(Zτ + Z) in C, with Im τ > 0, and put
It satisfies the following differential equation:
where e 1 = ℘(πi), e 2 = ℘(πiτ ), e 3 = ℘ πi(τ +1) are the zeros of the derivative ℘ ′ . The function f (z) = 1 ℘(z) − e 1 (that is, f (z) = sn(z), the elliptic sine) satisfies the conditions of Definition 8.1 for δ = − 3 2 e 1 , ε = (e 1 − e 2 )(e 1 − e 3 ) (see [7] ). Thus it gives rise to the elliptic genus. However, ε = (e 1 − e 2 )(e 1 − e 3 ) = 0 and δ 2 − ε = 1 4 (e 2 − e 3 ) 2 = 0, since e 1 , e 2 , e 3 are all different. The degenerate cases e 1 = e 2 and e 1 = e 3 (ε = 0) correspond to theÂ-genus. (Putting δ = −1/8, we obtain f ′ 2 = 1 + 1 4 f 2 , that is, f (x) = 2 sinh(x/2).) The degenerate case e 2 = e 3 (δ 2 − ε = 0) corresponds to the L-genus. (Putting δ = ε = 1, we obtain f ′ 2 = (1 − f 2 ) 2 , that is, f (x) = tanh x.)
The differential equation defining the function f (x) for the elliptic genus implies that if we put deg ε = 4 and deg δ = 2, then the coefficient of x 2k in the series f (x) becomes a weighted homogeneous polynomial of degree 2k in δ and ε with coefficients in the ring Z 1 2 . Therefore, the elliptic genus ϕ(M 2n ) =
] is a homogeneous polynomial of degree 2n in δ and ε. So ϕ can be regarded as a homomorphism from the complex cobordism ring Ω U to the ring Z 1 2 [δ, ε] (or to the ring Z p [δ, ε], p > 2).
The function f (τ, x) is an elliptic function for the sublatticeL = 2πi(Z·2τ +Z) ⊂ L of index 2. The divisor of this function is (0) + (πi · 2τ ) − (πi) − πi(1 + 2τ ) . We have the following decomposition of f (τ, x) into an infinite product (see [7] ):
Now we consider the following object:
where T C M is the complexification of the tangent bundle to M , Λ t E := ∞ ∞ coefficients are elliptic complexes associated to T M . Its index is a well-known power series in q, namely, the so-called twisted signature (see [7] ): ind(L (q) ) = sign M,
It follows from the Atiyah-Singer theorem 2.1 and Lemma 2.3 that this index is
It is clear from this formula that ind(L (q) ) is a power series in q with integer coefficients and with constant term (the coefficient of q 0 ) L(M ) = sign M . Comparing this expression with (35) and taking into account that
(see [7] ), we obtain
Suppose that an operator g, g p = 1, acts on a manifold M 2n with finitely many fixed points P 1 , . . . , P r . According to the recipe from § 5, the equivariant index ind g, L (q) of the complex L (q) equals the sum of the contribution functions σ L (q) (P j ) of the fixed points. These contributions are obtained from formula (37) by replacing M 2n by P j , x 1 x 2 . . . x n by 1 and
We note that 1 p l∈Z/p ind g l , L (q) = s(q) is a power series in q whose coefficient at q k is the alternating sum of the dimensions of the invariant subspaces for the action of g on the cohomology of a certain complex. Namely, this complex is the coefficient of q k in the series L (q) :
where L = n p=0 Λ p,i . Therefore, s(q) is a series with integer coefficients. Furthermore, ind 1,
The left-hand side of this relation belongs to the ring Z [q] of power series with integer coefficients, while its right-hand side a priori belongs to an extension of Z [q] , namely, to the ring Z [q] (ζ), ζ p = 1. We embed both rings in the p-adic extensions of the corresponding fields and consider the number-theoretical trace Tr :
is the field of Laurent series in q with rational p-adic coefficients and Q p {q}(ζ) is the algebraic extension of Q p {q} by the element ζ, ζ p = 1. Then
Thus the following proposition holds: Proposition 8.2. We have the following formula for the index of the complex L (q) in (36):
Using relations (38) and (39), we thus obtain the following formula for the elliptic genus ϕ(M ):
Taking into account the decomposition (35) of f (τ, x) = sn x, we rewrite this formula as
However, ϕ(M ) is a homogeneous polynomial in δ, ε with coefficients in the ring Tr n k=1
where both right-and left-hand sides are polynomials in δ, ε. = 0 (see [7] ). The proof is by induction on the degree deg P = 2n of the polynomial P . If deg P (δ, ε) = 2, then P (δ, ε) = bδ. Hence, b ∈ pZ p , because δ / ∈ pZ p . Now assume that the lemma holds for all polynomials of degree < 2k and let deg P (δ, ε) = 2k. Write P (δ, ε) = aε k/2 + Q(δ, ε)εδ + bδ k , where deg Q(δ, ε) < 2k, and therefore Q(δ, ε) ≡ 0 mod pZ p [δ, ε]. Evaluation of P (δ, ε) at the point τ = 1+i 2 shows that aε 1+i 2 k/2 is divisible by p, whence a is divisible by p. Evaluation of P (δ, ε) at τ = 0 shows that − 1 8 k b is divisible by p, whence b is divisible by p. Thus all the coefficients of P (δ, ε) belong to pZ p . The lemma is proved.
From this lemma and (41) we obtain the following theorem. 
where Tr in the right-hand side denotes the number-theoretical trace Q p (δ, ε)(ζ) → Q p (δ, ε).
All constructions in § 5 and § 7 (in particular, Lemma 5.4 and Theorem 7.1) can be repeated for the elliptic genus (we just replace the ring Z p by Z p [δ, ε] in all formulae). Thus, the difference between formula (42) and a certain weighted sum of the following Conner-Floyd equations for the elliptic genus: 
In the simplest case 2m = n = p−1, the set y 0 −y j , y 1 −y j , . . . , y j − y j , . . . , y p−1 −y j forms the complete set 1, 2, . . . , p − 1 of non-zero residues modulo p (since the y i are distinct). Hence, all the summands in the left-hand side of the last formula are equal, and we obtain
This formula could be also deduced from the well-known relation
[u] p ≡ P (p−1)/2 (δ)u p + · · · mod pZ p [δ]
(see [10] ). Here we put k = 1 for simplicity, and the dots stand for the higher order terms. Indeed, we could rewrite the above relation as Suppose that an operator g, g p = 1, acts on a stably complex manifold M 2n . Let the fixed point set M g be written as the union of connected fixed submanifolds: M g = ν M g ν . Also suppose that all the M g ν have trivial normal bundle in M . Let ϕ be a Hirzebruch genus that can be calculated as the index of an elliptic complex E ϕ of bundles associated to the tangent bundle T M . To avoid misunderstanding, we shall denote the first Chern classes of the "virtual" line subbundles of 
